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We apply Markov Chain Monte Carlo to predict the masses required to form the observed solar r-
process rare-earth abundance peak. Given highly distinct astrophysical outflows and nuclear inputs,
we find that results are most sensitive to the r-process dynamics (i.e. overall competition between
reactions and decays), with similar mass trends predicted given similar dynamics. We show that
regardless of whether fission deposits into the rare-earths or not, our algorithm consistently predicts
the need for a local nuclear physics feature of enhanced stability in the neutron-rich lanthanides.

For more than 60 years the solar abundances have been
providing clues to the astrophysical origins of heavy ele-
ments [1]. Although the era of multi-messenger astron-
omy presents new paths to understanding single events
[2–8], the solar abundances still serve as the key infor-
mant of the contributions of a given site to the enrich-
ment of the Solar System. To model the dominant astro-
physical source of rapid neutron capture (r-process) ele-
ments in a modern way, statistical methods offer a fresh
and innovative approach. With such methods, observa-
tional and experimental data can be used to trace back
to more fundamental nuclear physics properties [9–14].

The rare-earth abundance peak seen in the r-process
residuals at A ∼ 164 is ideal for first applications of such
statistical methods to the solar abundances since many
nuclear species of importance have yet to be probed ex-
perimentally but some relevant nuclear physics informa-
tion is available to guide the calculation. Unlike the sec-
ond (A ∼ 130) and third (A ∼ 195) peaks linked to the
neutron shell closures at N = 82 and N = 126 respec-
tively, the mechanism by which the rare-earth peak forms
is presently uncertain. Since the abundances in this re-
gion are highly sensitive to the astrophysical environment
in which heavy element synthesis occurs, the answer to
rare-earth peak origins can provide hints to the source of
r-process elements in our galaxy. Rare-earth abundances
are also highly sensitive to the nuclear properties of lan-
thanides thereby permitting small changes to inputs in-
troduced via statistical methods to greatly influence the
predicted outcome. Such an investigation is timely both
due to the importance of lanthanide abundances for kilo-
nova signals as well as the significant advancements at
current and upcoming nuclear physics facilities.

It is possible to use an MCMC procedure to derive
mass adjustments to the Duflo-Zuker (DZ) mass model
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[15] which, when used in the r-process, produce con-
sistency with the rare earth solar data [16–19]. Using
MCMC with astrophysical outflows typical of simulations
of accretion disk wind ejecta [20–23], predicts two differ-
ent peak formation mechanisms that are associated with
two broad classes of reaction dynamics (i.e overall com-
petition between reactions and decays) [19]. In outflows
with hot dynamics, (n,γ)�(γ,n) equilibrium persists for
long timescales and shapes the r-process path (location
of most abundance species at a given Z). In contrast, in
cold outflows photodissociation falls out of equilibrium
early with the competition between neutron capture and
β-decay largely determining how the r-process proceeds.
When compared to independent, precision mass measure-
ments, MCMC mass surface predictions in the hot case
are more consistent than those in the cold case [19]. The
primary impactful feature in the mass surface for the hot
case is at N = 104 and produces a persistent ‘pile-up’
at this neutron number with the path having its high-
est abundances at N = 104 for many proton numbers
[18, 19]. This feature is just outside the latest measure-
ments at N = 104.

These conclusions were reached for moderately
neutron-rich conditions, leaving a process which could
play a key role in shaping rare-earth abundances re-
mained unexplored, that is, fission. One might expect
fission product deposition into the rare earth region to
impact peak formation. In this case the rare-earth abun-
dances could be influenced by the properties of actinide
species lying far away in the nuclear chart rather than
being purely shaped by the local nuclear features of lan-
thanide isotopes. In fact there has been speculation that
late-time fission deposition could be the exclusive origin
of the rare-earth peak [28]. Here we consider the sensi-
tivity of the predictions of local nuclear physics feature
to fission deposition by using yield predictions from the
2016 and 2018 versions of the GEF code [29] (GEF16
and GEF18), as well as a symmetric split of all fissioning
nuclei in half (50/50) and compare to results obtained in
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TABLE I. Description of all astrophysical outflows and nuclear inputs considered in this work. Note the initial conditions (Ye,
entropy, and density) are all reported at 8 GK with the entropies given assuming the SFHo equation of state [24].

Label Description Type Ye

Initial
Entropy
(s/kB)

Initial
Density
(g/cm3)

Fission
Yields Fission Rates

hot wind
parameterized, low entropy outflow
as from an accretion disk hot 0.2 30 8.4×106 N/A N/A

cold wind
parameterized, low entropy outflow
as from an accretion disk cold 0.2 10 6.1×107 N/A N/A

hot dyn sf
NSM dynamical ejecta simulation
[25] with reheating hot 0.01 9 1.1×109 50/50

instantaneous spontaneous
fission for A ≥ 250

hot dyn 5050
NSM dynamical ejecta simulation
[25] with reheating hot 0.01 9 1.1×109 50/50

neutron-induced,
β-delayed, and spontaneous
fission from FRLDM
barriers + DZ masses

hot dyn GEF16
NSM dynamical ejecta simulation
[25] with reheating hot 0.01 9 1.1×109 GEF16 same as hot dyn 5050

hot dyn GEF18
NSM dynamical ejecta simulation
[25] with reheating hot 0.01 9 1.1×109 GEF18 same as hot dyn 5050

cold dyn sf
NSM dynamical ejecta simulation
[26], no reheating cold 0.01 22 2.8×107 50/50

instantaneous spontaneous
fission for A ≥ 250

cold dyn 5050
NSM dynamical ejecta simulation
[27] with reheating cold 0.02 4 7.0×1010 50/50

neutron-induced,
β-delayed, and spontaneous
fission from FRLDM
barriers + DZ masses

cold dyn GEF16
NSM dynamical ejecta simulation
[27] with reheating cold 0.02 4 7.0×1010 GEF16 same as cold dyn 5050

cold dyn GEF18
NSM dynamical ejecta simulation
[27] with reheating cold 0.02 4 7.0×1010 GEF18 same as cold dyn 5050

moderately neutron rich conditions.

To this end, we consider very neutron-rich outflows
(Ye ∼ 0.01) that significantly populate fissioning nuclei.
Such outflows have been consistently predicted to dom-
inate the dynamical ejecta from a neutron star merger
[26, 27, 30–32]. In addition to the participation of fis-
sion, further distinctions between very neutron-rich con-
ditions as compared to moderately neutron-rich cases ex-
ist. First, the r-process path tends to reach isotopes fur-
ther from stability. Second, the higher neutron richness
implies a greater potential for late-time neutron capture
to play a role in shaping the rare-earth peak. Thus, con-
sidering ejecta which reaches fissioning nuclei applies our
method to cases which have the maximal possible devi-
ation from the moderately neutron-rich cases considered
in [19] due to both the distinct evolution of their hydro-
dynamic properties as well as the impact of fission depo-
sition on abundances. Therefore this work reports on the
masses predicted to be needed for rare-earth peak forma-
tion given the largest set of astrophysical and theoretical
nuclear physics inputs considered to date.

As was done with the moderately neutron-rich cases,
we consider several very neutron-rich conditions with a
range of hydrodynamic properties whose initial condi-
tions are outlined in Table I. In addition to diverse ini-
tial conditions, the cases considered also have distinct
temperature/density evolutions. For instance, 0.1 sec af-

ter the 8 GK initial conditions, the densities and tem-
peratures of the moderately neutron-rich cases hot wind
and cold wind have dropped to ∼ 105, 103 g/cm3 and
3.2, 0.7 GK respectively while the densities and tempera-
tures of the very neutron-rich dynamical ejecta outflows
hot dyn sf , cold dyn sf , and cold dyn 5050 have fallen
to ∼ 106, 104, 104 g/cm3 and 0.5, 1.0, 0.4 GK respectively
(with the low temperature, low density condition being
that of tidal tail ejecta and the highest density condition
being that of shock-heated ejecta).

In very neutron-rich ejecta, the nuclear reheating
effects on the temperature become more pronounced
than in moderately neutron-rich conditions. We there-
fore consider the impact of reheating on the dynam-
ics of the outflow by using a cold condition with a
heating efficiency of zero (cold dyn sf) as well as out-
flows for which the reheating efficiency is non-zero.
We note that even with reheating included, there re-
main outflow conditions under which the dynamics re-
main of the cold type (cold dyn 5050, cold dyn GEF16,
cold dyn GEF18). Considering a range of outflow evolu-
tions is an important part of analyzing the robustness of
our previous findings that cases with distinct dynamics
(hot vs. cold) require distinct lanthanide masses in order
to form the rare-earth peak. Thus for the present inves-
tigation of very neutron-rich ejecta, we again separately
consider peak formation in hot and cold scenarios.
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FIG. 1. (Top left) Baseline abundances for all hot astrophysical outflows and fission treatments outlined in Table I (with χ2

values of 200, 121, 236, 212, and 211 respectively). (Top right) Final abundances for the hot conditions given the mass solutions
found for each case using our MCMC procedure (with χ2 values of 23, 37, 40, 36, and 35). (Bottom left) Same as top left
but for all cold astrophysical outflows considered (with χ2 values of 286, 361, 211, 499, and 488). (Bottom right) Same as top
right but for the case of cold conditions (with χ2 values of 22, 106, 68, 185, and 148). On the left abundances are the unscaled
network output with mass fractions summing to one whereas on the right results are scaled to the solar abundances between
A = 150 − 180. The solar abundances and uncertainties were derived from those in [33, 34] as described in [19].

We show abundance patterns for all the astrophysical
outflows and nuclear inputs outlined in Table I in Fig-
ure 1. In all cases, our baseline abundances are flat on
average with no peak structure or show a rough peak
which is off center from that seen the solar data. Here
the influence of the fission prescription on the final abun-
dances is well demonstrated since prior to applying our
MCMC procedure, cases with 50/50 yields (hot dyn sf ,
hot dyn 5050, cold dyn sf , and cold dyn 5050) concen-
trate deposition near the second peak and leave the
rare-earth abundances to be structured by local effects
whereas in the case of GEF16 yields (hot dyn GEF16
and cold dyn GEF16) deposition occurs between the sec-
ond peak and rare-earth peak. A stronger influence from
fission deposition with GEF18 yields (hot dyn GEF18
and cold dyn GEF18) is evident from the enhanced
abundances near A ∼ 160. When considering the χ2 fit
in the A = 150 − 180 region, this enhancement in abun-
dances from fission deposition to the left of the rare-earth
peak produces a higher χ2 value when the abundances
scaled to the peak are compared to the solar data.

In the right panel we show the results of the application
of the MCMC method. We start with a mass parameter-

ization:

M(Z,N) = MDZ(Z,N) + aNe
−(Z−C)2/2f (1)

where MDZ(Z,N) is the DZ mass of nuclear species
(Z,N), aN are the mass adjustments determined by the
MCMC procedure, and the exponential acts to center
the adjustments in the neutron-rich region where masses
are largely unmeasured. At each MCMC step, neutron
capture rates and beta decay properties are adjusted ac-
cording to the test masses, and a nucleosynthesis calcu-
lation is performed and compared to solar data to set
the evolution of the Markov chain. Our general pro-
cedure was first introduced in [16, 17] and revised and
refined in [18, 19]. Even though here we consider cases
with higher initial χ2 values than were considered in [19],
in all cases we are able to obtain substantially lower χ2

values after applying our MCMC procedure, as can be
seen in the right panels of Figure 1. For instance, for all
the hot, very neutron-rich dynamical ejecta considered
here, our MCMC procedure is able to find solutions with
χ2 ≤ 40, with most being around 35, which is compara-
ble to what the MCMC was able to achieve when faced
with moderately neutron-rich conditions. Therefore, de-
spite a wide variety of astrophysical outflow types and
nuclear inputs, our MCMC algorithm is able to find a
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solution for the masses of neutron-rich rare-earths which
gives abundances that are significantly more consistent
with the solar data.

We next more explicitly demonstrate the influence of
fission deposition on rare-earth peak abundances using
the hot dynamical ejecta cases. In Figure 2 we show a
snapshot of the summed neutron-induced and β-delayed
fission flow of fissioning nuclei multiplied by their fission
yield for the three distinct fission yield treatments con-
sidered in this work. The r-process path is also shown to
demonstrate that fission deposition is occurring during
a time at which the nuclei which will go on to form the
rare-earth peak are undergoing pile-up. Given a symmet-
ric 50/50 split for all nuclei, deposition remains isolated
near the N = 82 shell closure. The yields predicted by
the GEF16 model transition from asymmetric to sym-
metric across the nuclear chart (see [35]), which pop-
ulates neutron-rich isotopes that will decay back to set
abundances on the left side of the rare-earth peak. When
compared to GEF16, the yields predicted by GEF18 have
enhanced asymmetries for several nuclei, such as those
near N = 184, thereby having greater amounts of depo-
sition into regions set to populate central species in the
rare-earth peak. Note that in an astrophysical outflow
with fission cycling such as those considered here, nuclei
in the rare-earths go through a wave or multiple waves
of first being maximally populated to then be depleted
as they undergo capture to heavier species, with fission
eventually repopulating these nuclei so that the process
can then repeat. Since this all occurs as the ejecta is
expanding and cooling, there is a time sensitive connec-
tion between fission product deposition and the ultimate
population of lanthanides versus actinides. Despite this
complex interplay between the lanthanides and actinides,
any isotopes that remain in the rare-earth region after
the conditions can no longer support capture up to the
actinides must decay back to stability and be subject to
local nuclear structure influences.

The masses derived using our MCMC method in all hot
and cold dynamical ejecta cases are shown in Fig. 3, with
an explicit comparison to our previous findings for mod-
erately neutron-rich ejecta in the top panels. For the very
neutron-rich outflow results in the top panels, the hot
dynamical ejecta case hot dyn sf uses an outflow tracer
from [25] which accounts for nuclear reheating. The cold
dynamical ejecta case cold dyn sf uses an outflow tracer
from [26] and exemplifies an extreme of cold conditions
since the efficiency of nuclear heating is assumed to be
zero. For the cases featured in the top panels, we con-
sider a simplified fission treatment in which all nuclei
with A ≥ 250 spontaneously fission at a very fast rate
to then deposit near the second r-process peak and not
in the rare-earth peak by applying symmetric 50/50 fis-
sion yields. Such a simplification was first considered for
two main reasons. Firstly it allows to build predictions
with comparable statistics to the moderately neutron-
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FIG. 2. The summed fission flow (rate×abundance) of
neutron-induced and β-delayed fission for each fissioning
species multiplied by its fission yield to demonstrate depo-
sition with (top) 50/50 splits, (middle) GEF16 yields, and
(bottom) GEF18 yields (cases hot dyn 5050, hot dyn GEF16
and hot dyn GEF18, respectively) at a given instance in
time (1.4 seconds with temperature 1.1 GK and density
3.4×103g/cm3). For reference, the dark pink (top), orange
(middle) and light pink (bottom) show the r-process path at
this time and the grey shows the DZ dripline. Purple boxes
highlight the stable nuclei with A = 150 − 180, whose abun-
dances following the β-decay of r-process species determines
the structure of the rare-earth peak, and black boxes denote
all other stable species.
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FIG. 3. The MCMC predicted masses for neodymium (Z = 60), relative to the DZ mass model, given (top left) the moderately
neutron-rich hot wind outflow explored in [19] (red band) compared to results with the very neutron-rich condition hot dyn sf
(yellow band), (top right) the moderately neutron-rich condition cold wind explored in [19] (dark blue band) compared to results
for the very neutron-rich condition cold dyn sf (light blue band). (Bottom left) Results for the very neutron-rich conditions of
hot dyn 5050 (dark pink band) compared to cases hot dyn GEF16 (orange band) and hot dyn GEF18 (light pink band) which
apply yields that give some late time deposition into the rare-earth region. (Bottom right) Results given the very neutron-rich
conditions of cold dyn 5050 (teal band) as compared to the cold dyn GEF16 (purple band) and cold dyn GEF16 (medium
blue band) cases. The AME2012 data [36] used to guide the calculation is also shown, along with AME2016 [37] and CPT at
CARIBU [18] data of which the calculation was not informed.

rich cases (both derived from 50 MCMC runs) since run-
ning the nucleosynthesis network at each MCMC step is
much less costly than is the case when more proper fis-
sion rates and yields are considered. Secondly our simpli-
fied fission treatment removes the effects of late time fis-
sion deposition on rare-earth abundances (by contribut-
ing exclusively to the abundances near A ∼ 130) thereby
permitting us to isolate how our predictions change due
solely to the distinctions in the outflow properties of very
neutron-rich cases as compared to moderately neutron-
rich cases. We note that as in [19], we center our mass
adjustments at C = 60 in the hot cases and C = 58 in
the cold cases (the r-process paths in cold cases tend to
lie further from stability, therefore in test runs mass ad-
justments near C = 58 were favored). As can be seen
from the top panels of Fig. 3, although some differences

in the masses predictions exist, the MCMC results for
the very neutron-rich hot dyn sf case have key similari-
ties to the results when the moderately neutron-rich case
hot wind is considered. Both show a rise in the mass
surface near N = 102 followed by the dip at N = 104 to
be the features primarily responsible for the peak struc-
ture near A = 164. Key similarities are also observed in
results for the cold outflows cold wind and cold dyn sf
except that an influence from a nuclear physics feature at
N = 110 emerges in the dynamical ejecta case considered
here, whereas in the moderately neutron-rich cold wind
case N = 103 coupled with N = 108 features were suffi-
cient to form the peak. Therefore although the neutron-
richness does influence the details of peak formation, sim-
ilar peak formation mechanisms are needed for condi-
tions with similar r-process dynamics. Particularly, in
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the case of hot outflows, the mechanism which we previ-
ously found to be responsible for peak formation, that is
the pile-up at N = 104, is robust.

We now discuss whether the fission treatment signifi-
cantly modifies the expected local nuclear masses of the
lanthanides needed in order to form the peak. To do
so, we move away from the simplified treatment pre-
viously described and apply a more proper treatment
of fission rates by utilizing predictions from CoH and
BeoH Hauser-Feshbach codes [38] when DZ masses and
FRLDM barriers [39] are assumed (similar to the treat-
ment described in [35]). We also advance the fission
yield treatment by implementing the three models previ-
ously described. The bottom panels of Fig. 3 show the
MCMC predictions when these nuclear data inputs are
considered in both hot dynamical ejecta (hot dyn 5050,
hot dyn GEF16, and hot dyn GEF18) and cold dy-
namical ejecta (cold dyn 5050, cold dyn GEF16, and
cold dyn GEF18). Additionally, we note that here for
the cold case we consider a merger tidal tail ejecta tracer
from [27] where we have included the effect of nuclear
reheating on the trajectory but this cases nevertheless
retains its cold dynamics. In all scenarios considered in
the bottom panel, running the nucleosynthesis network
on each MCMC step is costly due to the need to fol-
low hundreds of fission products. Therefore to reduce
the computational cost, we apply the method outlined
in [35] whereby only the fissioning nuclei which most
influence the abundances are treated with GEF16 and
GEF18 yields and a 50/50 split is applied for all other
species. Although this reduces the cost of running the
network significantly, there is nevertheless a greater com-
putational expense than in the simplified fission case con-
sidered in the top panels of Fig. 3. Therefore since here
our primary aim is to test the robustness of the similari-
ties we see in the predictions for hot versus cold cases as
well as the robustness of the nuclear physics feature we re-
peatedly see at N = 104 in hot cases, our MCMC predic-
tions for calculations which apply a more proper fission
treatment are sufficiently explored through 25 MCMC
runs in the hot dynamical ejecta cases and 15 MCMC
runs in the cold dynamical ejecta cases.

The influence of the fission yield treatment is evident
in the bottom panels of Fig. 3 for both the hot and
cold cases. For hot dynamical ejecta, the build-up in
the abundances to the left of the rare-earth peak due
to the deposition from GEF16 and GEF18 fission yields
(as can be seen in Fig. 1) must be suppressed. This is
achieved by introducing a dip feature in the mass surface
at N = 99 which was not needed for the hot dyn 5050
and hot dyn sf cases for which fission deposition plays
no role in setting rare-earth abundances. In the case of
hot dyn GEF18, the GEF18 yield prescription also re-
quires a mass surface feature at N = 108 in order for the
late-time deposition seen with this model to stay con-
tained in the rare-earth region, although this works to

mostly fill in the right side of the peak. Strikingly, and
most importantly, in the hot case all yield models consid-
ered point to the now familiar need for a nuclear physics
feature of enhanced stability at N = 104 to produce the
pile-up which ultimately creates the rare-earth peak at
A = 164. For the cold dynamical ejecta MCMC runs,
it is primarily a feature at N = 101 which is responsi-
ble for peak formation which is in tension with the latest
precision mass measurements. Therefore despite the dis-
tinct ways in which nuclei are populated in the rare-earth
region, our MCMC algorithm finds that all fission yield
models and all astrophysical outflows considered require
local assistance to form the peak via a nuclear physics
feature emerging in neutron-rich lanthanides.

In this work, we have presented the MCMC mass pre-
dictions which are capable of forming the r-process rare-
earth abundance peak given highly distinct astrophys-
ical outflows and nuclear data treatments. While our
study of moderately neutron-rich nuclei in [19] was able
to show that: (1) outflows with distinct reaction dynam-
ics (hot vs. cold) require distinct mass surfaces in order
to form the rare-earth peak and (2) the mass predictions
in hot outflows are most consistent with the latest mea-
surements up to N = 102, the investigation presented
in this work is able to significantly broaden what can be
concluded from our MCMC procedure. The detailed ex-
ploration of peak formation in very neutron-rich ejecta
presented here shows that such conditions require mass
trends which are similar to those found given moderately
neutron-rich outflows. This highlights that it is the r-
process dynamics (e.g. hot vs. cold), rather than the ex-
act details of the hydrodynamic properties, which is most
influential on peak formation. This work therefore could
be used alongside simulation advancements to infer the
astrophysical site at which solar lanthanides where dom-
inantly formed by considering the degree of participation
of photodissociation in simulation outflows. Addition-
ally the calculations presented in this work show that al-
though the fission treatment does produce some notewor-
thy differences in the masses predictions, the algorithm
nevertheless consistently predicts the need for a local nu-
clear physics feature in the neutron-rich lanthanides in
order to form the peak, despite the differences in fission
deposition and outflow properties considered here. In all
results given astrophysical outflows with cold dynamics,
our algorithm predicts features which are in tension with
the latest experimental data, although here features at
neutron numbers which are several neutrons higher than
what has been probed are important. In the case of hot
outflows, our MCMC mass predictions persistently al-
lude to the presence of a nuclear physics feature causing
enhanced stability in the lanthanides at N = 104, just
a few neutron numbers outside current measurements.
Therefore, since our algorithm finds that fission deposi-
tion must be aided by local lanthanide nuclear features to
form the peak, near future theoretical and experimental
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campaigns to map out neutron-rich lanthanide proper-
ties, as could be possible at ARIEL at TRIUMF, FRIB,
and N=126 Factory at ANL, are well poised to explic-
itly address a long-standing mystery of heavy element
production, that is, the origin the rare-earth peak.
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[39] P. Möller, A. J. Sierk, T. Ichikawa, A. Iwamoto, and
M. Mumpower, Phys. Rev. C 91, 024310 (2015).

https://doi.org/ 10.1103/PhysRevD.96.124005
http://arxiv.org/abs/1709.09630
https://doi.org/ 10.3847/1538-4357/aaf054
http://arxiv.org/abs/1809.11161
https://doi.org/ 10.3847/2041-8213/abbb87
http://arxiv.org/abs/2008.08089
https://doi.org/10.1016/j.physrep.2007.06.002
https://doi.org/10.1016/j.physrep.2007.06.002
http://arxiv.org/abs/0705.4512
https://doi.org/10.1088/1361-6471/ab0bea
https://doi.org/10.1088/1361-6471/ab0bea
http://arxiv.org/abs/1810.08133
http://stacks.iop.org/1674-1137/36/i=12/a=002
http://stacks.iop.org/1674-1137/36/i=12/a=002
https://doi.org/ 10.1088/1674-1137/41/3/030003
http://arxiv.org/abs/1901.05641
https://doi.org/10.1103/PhysRevC.91.024310

	The need for a local nuclear physics feature in the neutron-rich rare-earths  to explain solar r-process abundances
	Abstract
	 Acknowledgments
	 References


