
LA-UR-19-20003

Propagation of Statistical Uncertainties of Skyrme Mass Models to Simulations of
r-Process Nucleosynthesis

T.M. Sprouse,1 R. Navarro Perez,2 R. Surman,1 M.R. Mumpower,3 G.C. McLaughlin,4 and N. Schunck5

1Department of Physics, University of Notre Dame, Notre Dame, IN 46556, USA
2Department of Physics, San Diego State University, San Diego, CA 02182, USA

3Theoretical Division, Los Alamos National Laboratory, Los Alamos, NM 87545, USA
4Department of Physics, North Carolina State University, Raleigh, NC

5Nuclear and Chemical Science Division, Lawrence Livermore National Laboratory, Livermore, California 94551, USA
(Dated: January 30, 2019)

Uncertainties in nuclear models have a major impact on simulations that aim at understanding
the origin of heavy elements in the universe through the rapid neutron capture process (r process)
of nucleosynthesis. Within the framework of the nuclear density functional theory, we use results
of Bayesian statistical analysis to propagate uncertainties in the parameters of energy density func-
tionals to the predicted r-process abundance pattern, by way not only of the nuclear masses but also
through the influence of the masses on β-decay and neutron capture rates. We additionally make
the first identifications of specific parameters of Skyrme-like energy density functionals which are
correlated with particular aspects of the r-process abundance pattern. While previous studies have
explored the reduction in the abundance pattern uncertainties due to anticipated new measurements
of neutron-rich nuclei, here we point out that an even larger reduction will occur when these new
measurements are used to reduce the uncertainty of model predictions of masses, which are then
propagated through to the abundance pattern. We make a quantitative prediction for how large
this reduction will be.

The heaviest elements owe their origins to rapid neu-
tron capture, or r-process, nucleosynthesis. In the r-
process, heavy elements are built up via a sequence of
rapid neutron captures and β-decays that populate nu-
clei far to the neutron-rich side of stability [1, 2]. The
astrophysical source of the intense neutron flux was ini-
tially suspected to be within core-collapse supernovae
[3, 4], though decades of careful study have shown the
required conditions are unlikely to be obtained in this
environment [5–8]. Recent evidence [9, 10], including the
discovery of GW170817/GRB170817a/SSS17a [11, 12],
increasingly points to neutron star mergers as the likely
r-process site. However, many open questions remain.
For example, what specific environments within neutron
star merger events are responsible for r-process produc-
tion, and what are their properties? Can neutron star
mergers account for all galactic r-process production, or
are there additional astrophysical sites?

The r-process astrophysical conditions could in princi-
ple be identified by comparing simulations of abundance
patterns of elements and observations in the solar sys-
tem and in old stars. However, analysis of individual en-
vironments is complicated by large uncertainties in the
astrophysics and nuclear physics [13]. Here we consider
the latter. Simulations of the r-process are dependent
upon nuclear data, including masses, neutron capture
rates, and β-decay and fission properties, for thousands
of neutron-rich nuclei [14]. In spite of a concerted ef-
fort at radioactive beam facilities worldwide to measure
these properties directly or indirectly, the vast majority
of them are as of yet inaccessible and we must rely on

theoretical estimates.

Nuclear density functional theory (dft) is currently
the only approach that can provide all of these proper-
ties in a consistent yet microscopic framework [15]. Most
energy density functionals (edf) are typically character-
ized by approximately a dozen parameters that are fitted
on a small set of nuclear properties. The choices made
in selecting the form of the edf and the set of experi-
mental data to fit its parameters lead to both systematic
and statistical uncertainties that have an impact on all
applications [16].

Ideally, one would like to consider simultaneously all
sources of uncertainties (systematic, statistical and nu-
merical) and propagate them to all observables (sepa-
ration energies, α-, β- and γ-decay rates, fission rates,
neutron capture rates) relevant to astrophysical simula-
tions. Such an approach is currently not feasible, partly
because of its formidable computational cost, partly be-
cause there are still gaps in our understanding of, e.g.,
α-decay, neutron capture or fission. However, we can
exploit recent work in determining estimates of theoret-
ical uncertainties to quantify the variations in simulated
r-process abundances that result from nuclear mass un-
certainties alone. Past work in this area has either con-
sidered abundance pattern comparisons between distinct
mass models, e.g. [17], or ranges of patterns that result
from random, uncorrelated mass variations [14, 18].

In this work, we perform the first rigorous propagation
of statistical uncertainties of nuclear mass models based
on dft. We generate fifty different edfs by sampling
the Bayesian posterior distribution of the unedf1 edf.
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For each sample, we compute a full nuclear chart and
update neutron capture rates and β-decay properties to
be consistent with each table. We implement these sets
of nuclear data in r-process simulations to place “error
bars” due to nuclear masses on r-process abundances and
to identify correlations between theoretical model param-
eters and abundance pattern features. Such correlations
could possibly lead to additional constraints on r-process
conditions or, e.g., the unedf1 parameters themselves.
Finally, we provide a quantitative estimate of the im-
provements to r-process pattern uncertainties expected
from anticipated mass measurements at current and up-
coming facilities and concurrent advancements in theo-
retical models.

We begin by computing atomic mass tables within the
nuclear dft approach to nuclear structure with Skyrme
edfs. Our starting point is the unedf1 parametrization,
in which the coupling constants were optimized globally
on select experimental nuclear masses, radii, deforma-
tions and excitation energies of fission isomers in the ac-
tinides [19]. While the r.m.s. deviation on nuclear bind-
ing energies of unedf1 is only 1.8 MeV, it goes down
to 0.45 MeV for 2-neutron separation energies. Bayesian
inference methods were later used to compute the pos-
terior distribution of the unedf1 parameters [20] and
propagate theoretical statistical uncertainties in predic-
tions of nuclear masses, two-neutron drip line, and fission
barriers [21]. Here, we sample the same posterior distri-
bution within the 90% confidence region to generate fifty
different parameter sets for the Skyrme edf.

For each sample, we compute the nuclear ground-state
binding energy of all even-even nuclei from Hydrogen to
Z = 120 by solving the Hartree-Fock-Bogoliubov (HFB)
equation. The limits of nuclear stability (proton and
neutron drip lines) are reached when the value of the
two neutron (proton) separation energy becomes nega-
tive. Compared to alternative options based, e.g., on the
value of the Fermi energy, this criterion offers the advan-
tage of being model-independent since binding energies
are true observables. With this criterion, each mass ta-
ble contains approximately 2,000 even-even nuclei. For
each even-even nucleus, the ground-state is determined
by exploring locally the potential energy surface of the
nucleus for a range of eleven axial quadrupole deforma-
tions β2 between -0.5 and +0.5. The configuration with
the lowest energy defines the ground-state. Details of
the exploration of the even-even nuclear landscape with
the numerical solver hfbtho can be found in [22]. With
this procedure, computing 50 mass tables requires of the
order of 1 million HFB calculations.

Although odd-even and odd-odd binding energies
could be computed with the blocking procedure, see,
e.g. [23], this would require about an order of magni-
tude more HFB calculations. Instead we adopt a stan-
dard approximation for the binding energy of odd nu-
clei that combines information about binding energies

and HFB pairing gaps in neighboring isotopes/isotones;
see Supplemental Material of [24]. This procedure yields
an excellent approximation of, in particular, one-particle
separation energies.
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FIG. 1: Abundance patterns Y (A) versus A for fifty r-
process simulations with astrophysical conditions correspond-
ing to high-entropy (top panel, (a)), low-entropy (middle
panel, (b)), and fission-recycling (bottom panel, (c)) outflows,
as described in the text. The shaded region shows the full
range of abundance patterns produced, and the black line
shows their mean. All patterns are scaled to solar abundances
from [13].

For each of the fifty mass tables thus described, we
calculate a self-consistent set of all nuclear data inputs
required for r-process calculations. We calculate neu-
tron capture and neutron-induced fission rates using the
Los Alamos Hauser-Feshbach code CoH [25] and β-decay
half-lives with probabilities for delayed emission of one
or more neutrons using the QRPA+HF framework of [26]
and unmodified strength data from [27]. We repeat these
calculations using the masses given in the 2016 Atomic
Mass Evaluation (AME2016) [28]; where possible, these
results are taken to replace those based on the unedf1
mass tables. The decay properties of the Nubase 2016
compilation [29] are further taken to replace any calcu-
lated values based on either AME2016 or unedf1 nuclear
masses. For all fissioning nuclei, we use a symmetric,
two-particle product distribution.

We implement each of these datasets into the nu-
clear reaction network code PRISM [30–32] to simulate
nucleosynthesis for three distinct types of astrophysical
conditions where r-process nucleosynthesis may occur:
(1) a supernova-type high-entropy wind, with entropy
s/k = 300, dynamical timescale τ = 80 ms, and electron
fraction Ye = 0.30, (2) a parameterized merger accretion
disk wind with s/k = 30, τ = 80 ms, and Ye = 0.21, and
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(3) fission-recycling outflow from a neutron star merger
[33]. For each simulation, we dynamically update the
evolution of temperature with respect to the release of
energy from nuclear reactions, decays, and fission, with
an assumed thermalization efficiency of 10% for all en-
ergy released.

The range in final abundance patterns across these fifty
calculations is shown in Fig. 1 for each set of astrophys-
ical conditions we consider. In each case, the shaded
band represents the propagation of statistical uncertain-
ties from the unedf1 nuclear mass model to the corre-
sponding r-process simulation. The influence of masses
on reaction and decay rates contribute to the width of
the band, via mechanisms described in, e.g., [14] and ref-
erences therein. In addition, the location of the neutron
drip line is of key importance for some types of astro-
physical conditions. In the fifty mass tables considered
here, the location of the one-neutron drip line varies by
more than ten neutron numbers. Notably, the band is
the widest for the astrophysical conditions in which the
r-process path is the closest to the drip line, the fission
recycling example of Fig. 1(c).

With the wealth of data available from these r-
process simulations, we can search for correlations be-
tween unedf1 functional parameters and the formation
of abundance pattern features. Here we demonstrate how
such analyses might proceed.

Several of the unedf1 functional parameters are
poorly constrained by data near stability. One such pa-
rameter is the isovector surface coupling constant Cρ∆ρ1 ,
with unedf1 value −145.382 ± 52.169; see Table II in
[19]. For a low-entropy hot wind r-process environment,
this parameter is correlated with the formation of the
rare earth peak, the small feature around A ∼ 160 in the
solar r-process isotopic pattern. The top panel of Fig. 2
shows Cρ∆ρ1 versus the abundance-weighted average A of
the rare earth peak for the r-process simulations from
the middle panel of Fig. 1. The placement of the rare
earth peak is calculated from the solar r-process abun-
dances of [13] and [34] and is given by the shaded vertical

band. Correlations between Cρ∆ρ1 and rare earth peak
placement are weaker for other types of r-process envi-
ronments. The r-process path in the high-entropy wind
case is not so neutron-rich and thus not as sensitive to
Cρ∆ρ1 . The fission recycling example has a distinct rare
earth peak formation mechanism [35] that is not particu-
larly active with the unedf1 masses, resulting in a com-
paratively weaker correlation. However, recent studies
[36–41] favor r-process conditions that are most similar
to those of our low-entropy wind where this correlation is
strongest, suggesting that the r-process abundance pat-
tern may provide an important additional constraint on
the value of Cρ∆ρ1 .

In all of the astrophysical environments considered, we
found the proton pairing strength V p0 to be correlated
with the ratio between the summed abundances of the
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FIG. 2: Relationship between r-process abundance pattern
and unedf1 functional parameters for fifty unedf1 mass ta-
bles. Panel (a) shows the relationship between the weighted
average mass number A of the rare earth peak and the isovec-
tor surface coupling constant Cρ∆ρ1 for the low-entropy wind
conditions of Fig. 1. A linear fit to the dataset is given by
the solid line with correlation coefficient r = 0.68. Panel (b)
shows the relationship between the proton pairing strength V p0
and the ratio of summed abundances in the rare earth region
to the A = 195 region for the high-entropy (green diamonds),
low-entropy (red circles), and fission recycling (blue triangles)
conditions from Fig. 1, with linear fits given for the high-
entropy dataset by the green dashed line (r = 0.66), the low-
entropy dataset by the red solid line (r = 0.76), and the fission
recycling dataset by the blue dot-dashed line (r = 0.75). The
gray shaded region in each figure indicates the range of values
in each metric admitted by the solar abundances of [13] and
[34].

rare earth and A ∼ 195 peak regions, as illustrated in
the bottom panel of Fig. 2, where the solar values are
given by the shaded band. The correlations in each case
are distinct, with different astrophysical conditions pick-
ing out different preferred values of V p0 . Only the least
negative values of V p0 considered reproduce solar values
for the high-entropy conditions, while values of V p0 that
tend towards the center of the distribution reproduce so-
lar values for the low-entropy conditions. Within the
range of values we consider, the fission recycling condi-
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tions fail to reproduce solar values, with the correlation
suggesting an even more negative value of V p0 . Thus, if
V p0 could be more tightly constrained, the simulated ra-
tio of the rare earth and A ∼ 195 peak regions could be
used as a diagnostic of r-process conditions.
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FIG. 3: Variations σ among our set of 50 unedf1 mass
tables (light green shaded region) and our set of simulated
mass tables (dark green shaded region), each with respect
to the nominal unedf1 masses, for the tin isotopes. The
AME2016 range of known masses [28] and anticipated FRIB
reach are indicated, respectively, by black and gray solid lines.
The vertical darkened band indicates the range in location for
the one-neutron dripline.

Measurements of the masses of increasingly neutron-
rich nuclei are the focus of a number of experimental ef-
forts worldwide, for example at the Canadian Penning
Trap at CARIBU [42, 43], JYFLTRAP at Jyväskylä
[44, 45], ISOLTRAP at CERN [46], TITAN at TRIUMF
[47], and storage rings at GSI in Germany, IMP in China,
and RIKEN in Japan [48]. Next-generation radioactive
ion facilities, such as the Facility for Rare Isotope Beams
(FRIB), will have unprecedented access to isotopes far
from stability [49]. New mass measurements improve the
reliability of r-process simulations in two ways: directly,
by dramatically reducing the uncertainty in the masses
of newly measured nuclei, and indirectly, by enabling im-
provements to mass modeling. Theoretical mass models
are all calibrated to known data, so known masses tend
to be well reproduced by theory. Outside the known re-
gion, theoretical predictions tend to diverge. The vari-
ations among our fifty unedf1 mass tables, shown for
the tin isotopes in Fig. 3, clearly demonstrate this be-
havior. For this element, unedf1 fits known masses to
about σrms ∼ 1 MeV, and variations increase sharply
past the N = 82 closed shell. Additional measurements
increase the available data with which to constrain the-
ory and thus hold the potential to reduce uncertainties
outside the measured region. We simulate this effect by

generating an adjusted set of fifty mass tables, in which
the variations from the mean are reduced to match the
experimentally-known region for nuclei within the FRIB
range and increase with the same slope outside this range.
The variations of the simulated set of tables are shown
in the dark shaded region of Fig. 3.

Our two sets of unedf1 mass tables can be used to
quantify the reductions in r-process abundance pattern
uncertainties that have already been achieved by mea-
surements to date and that are anticipated from future
mass measurements. We rerun the example r-process
simulations from Fig. 1 using three different sets of nu-
clear data. The first set is a theory-only set, with all
quantities derived exclusively from our fifty unedf1 ta-
bles. The second set is that used in Fig. 1, where exper-
imental nuclear data is additionally incorporated. The
third set is constructed to mimic the influence of antici-
pated mass measurements. Experimental values or values
derived from the nominal unedf1 mass tables are held
fixed for all nuclei within the FRIB reach; elsewhere we
use theory values derived from our set of fifty simulated
unedf1 mass tables.
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FIG. 4: Ratios of the abundances Y (A) to the mean abun-
dance Ymean(A) for the set of fifty simulations with the exam-
ple high entropy wind (top panel, (a)), low entropy wind (mid-
dle panel, (b)), and fission recycling outflow (bottom panel,
(c)) astrophysical conditions, as in Fig. 1. The light shaded
band shows theory-only calculations, the medium shaded
band implements AME2016 masses and NUBASE2016 decay
properties where available, and the dark shaded band addi-
tionally includes the simulated mass tables described in the
text.

Fig. 4 shows the abundance pattern variations normal-
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ized by the mean for the three astrophysical trajectories
in Fig. 1, each calculated with the three data sets de-
scribed above. For the high entropy wind, Fig. 4(a),
many of the relevant nuclear properties have already been
measured, so there is significant improvement realized
between the theory-only (lightest shaded band) calcula-
tions and those that include current experimental val-
ues (medium shaded band). Looking forward to FRIB,
the majority of nuclei along the equilibrium r-process
path in the N = 82 and rare earth regions will be within
reach. Thus systematic measurement campaigns at FRIB
have the potential to essentially remove mass as a source
of uncertainty in simulated r-process abundances below
A ∼ 170 for high entropy winds.

However, in the currently-favored potential r−process
astrophysical site of neutron star/neutron star-black hole
mergers, the environments are likely lower entropy, s/k ∼
5 − 50, and more neutron-rich, similar to the conditions
used for the middle and bottom panels of Figs. 1 and 4.
The r-process equilibrium paths are farther from stability
in these cases, thus the current reach of experimental
data results in more modest improvements, as indicated
when comparing the light- and medium-shaded bands in
Fig. 4(b) and (c). Prospects for the future, however,
are encouraging. For the low-entropy wind example of
Fig. 4(b), FRIB can reach the majority of the key nuclei
and the remaining uncertainty band should be similar to
the high-entropy wind case. In particular the excellent
precision anticipated for abundances 140 < A < 170 can
facilitate the use of the rare earth peak as a key r-process
diagnostic [43, 50].

For the fission recycling example, uncertainties in the
location of the drip line and in the fission properties of
heavy nuclei near the drip line dominate the uncertainty
bands. Even with FRIB at full power these uncertain-
ties are unlikely to be resolved with direct measurements.
Here nuclear theory will play a critical role. The sim-
ulated improvements to theory anticipated in our ap-
proach do result in a narrowing of the uncertainty band,
as seen in a comparison between the medium- and dark-
shaded bands of Fig. 4(c). Further potential improve-
ments to nuclear EDF theory, e.g. [51], and its full appli-
cation to the problem of fission, e.g. [52, 53], are not cap-
tured in our approach. Therefore, there remains the pos-
sibility for more significant improvements to the uncer-
tainty band associated with fission-recycling conditions
with concurrent advances in experiment and theory.

The origins of the heaviest elements have remained
mysterious for decades. Thanks to concerted efforts in
astrophysical modeling, spectroscopic observations, neu-
trino and nuclear experiment and theory, and, now, grav-
itational wave astronomy, a detailed understanding of r-
process nucleosynthesis finally seems within reach. Still,
further advances are needed in each of these areas. Here
we have highlighted how careful quantification of nuclear
physics uncertainties has the potential to provide crucial

insight into r-process astrophysical conditions and the
nuclear models themselves.
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[33] Joel de Jesús Mendoza-Temis, Meng-Ru Wu, Karlheinz
Langanke, Gabriel Mart́ınez-Pinedo, Andreas Bauswein,
and Hans-Thomas Janka. Nuclear robustness of the r
process in neutron-star mergers. Phys. Rev. C, 92:055805,
Nov 2015.

[34] C. Sneden, J. J. Cowan, and R. Gallino. Neutron-
Capture Elements in the Early Galaxy. Annual Review
of Astronomy and Astrophysics, 46:241–288, September
2008.

[35] M. R. Mumpower, G. C. McLaughlin, R. Surman, and
A. W. Steiner. Reverse engineering nuclear properties
from rare earth abundances in the r process. Journal of
Physics G Nuclear Physics, 44(3):034003, March 2017.

[36] G.C. McLaughlin and R. Surman. Prospects for obtain-
ing an r process from Gamma Ray Burst Disk Winds.
Nuclear Physics A, 758:189–196, July 2005.

[37] R. Surman, G. C. McLaughlin, and W. R. Hix. Nucle-
osynthesis in the Outflow from Gamma-Ray Burst Accre-
tion Disks. The Astrophysical Journal, 643(2):1057–1064,
June 2006.

[38] O. Just, A. Bauswein, R. Ardevol Pulpillo, S. Goriely,
and H.-T. Janka. Comprehensive nucleosynthesis anal-
ysis for ejecta of compact binary mergers. Monthly No-
tices of the Royal Astronomical Society, 448(1):541–567,
March 2015.

[39] D. Martin, A. Perego, A. Arcones, F.-K. Thielemann,
O. Korobkin, and S. Rosswog. Neutrino-driven winds in
the aftermath of a neutron star merger: nucleosynthesis
and electromagnetic transients. The Astrophysical Jour-
nal, 813(1):2, October 2015.

[40] Shinya Wanajo, Yuichiro Sekiguchi, Nobuya Nishimura,
Kenta Kiuchi, Koutarou Kyutoku, and Masaru Shibata.
Production of all the r-process nuclides in the dynam-
ical ejecta of neutron star mergers. The Astrophysical
Journal, 789(2):L39, June 2014.

[41] Daniel M. Siegel and Brian D. Metzger. Three-
Dimensional General-Relativistic Magnetohydrodynamic
Simulations of Remnant Accretion Disks from Neutron
Star Mergers: Outflows and r -Process Nucleosynthesis.
Physical Review Letters, 119(23):231102, December 2017.

[42] T. Y. Hirsh, N. Paul, M. Burkey, A. Aprahamian,
F. Buchinger, S. Caldwell, J. A. Clark, A. F. Levand,



7

L. L. Ying, S. T. Marley, G. E. Morgan, A. Nystrom,
R. Orford, A. P. Galván, J. Rohrer, G. Savard, K. S.
Sharma, and K. Siegl. First operation and mass separa-
tion with the CARIBU MR-TOF. Nuclear Instruments
and Methods in Physics Research B, 376:229–232, June
2016.

[43] R. Orford, N. Vassh, J. A. Clark, G. C. McLaughlin,
M. R. Mumpower, G. Savard, R. Surman, A. Apra-
hamian, F. Buchinger, M. T. Burkey, D. A. Gorelov,
T. Y. Hirsh, J. W. Klimes, G. E. Morgan, A. Nystrom,
and K. S. Sharma. Precision Mass Measurements of
Neutron-Rich Neodymium and Samarium Isotopes and
Their Role in Understanding Rare-Earth Peak Forma-
tion. Physical Review Letters, 120(26):262702, June 2018.

[44] A. Kankainen, J. Hakala, T. Eronen, D. Gorelov, A. Joki-
nen, V. S. Kolhinen, I. D. Moore, H. Penttilä, S. Rinta-
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